In some past works by the author and collaborators, the notion of ageing function of an exchangeable survival model was introduced and several properties of it were analyzed. Generally, the ageing function turns out to be a semi-copula. Here we focus attention on the special class of survival models whose ageing function is actually a copula. For pairs of models in this class we define a notion of duality. Such a notion can provide a better explanation of the analogies existing between the ageing function and the survival copula. The formulation of the notion of duality presented here came out some years ago, in the frame of research activity in collaboration with Bruno Bassan.
Introduction
Let C be an exchangeable n-dimensional copula and G : [0, ∞) → (0, 1] a one-dimensional survival function, i.e. a non-increasing function such that
We assume G to be continuous, strictly positive, and strictly decreasing and consider the multivariate function defined by
. . , x n ) := C(G(x 1 ), . . . , G(x n )).
(1)
F can be seen as the joint survival function of n non-negative random variables T 1 , . . . , T n , i.e. T 1 , . . . , T n are such that F (x 1 , . . . , x n ) = P {T 1 > x 1 , . . . , T n > x n }.
We will say that F is the n-dimensional survival model determined by the pair ( C, G); T 1 , . . . , T n are exchangeable, admit C as their survival copula and G as their marginal survival function. ( 
) -
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The same model can be alternatively characterized by the pair [B, G] , where the function B is the ageing function, defined by B(u 1 , . . . , u n ) := exp{−G −1 (F (− log u 1 , . . . , − log u n ))}.
The concept of ageing function emerges in the field of reliability and, in particular, in the study of multivariate ageing properties of a vector of lifetimes; from an analytical viewpoint, the role of B lies in that it is a function B : [0, 1] n → [0, 1], able to describe the family of the level curves of the function F . In terms of the pair [B, G], F can be obtained by writing
For basic properties and fundamental notions about copulas see [11, 13] . Definition, meaning, applications, and different properties of B have been studied in [3] [4] [5] , where the special bivariate case n = 2 has been considered; some further similarities and differences between structural properties of ageing functions and survival copulas have been analyzed in [9] . Most of arguments in [3] [4] [5] 9] , can be immediately extended to the case n > 2. B is component-wise increasing; generally, B is a semi-copula, but not necessarily a copula. The term "semi-copula" was used for the first time in [4] . The formal definition of this concept that turns out to be the most appropriate for our purposes was formulated in [7] , starting from the case n = 2: a function S : [0, 1] 2 → [0, 1] is a semi-copula if, and only if, it satisfies the following two conditions:
From (a) and (b) it also immediately follows that S(
The above properties (a) and (b) can be extended to the case n > 2, thus leading to a definition of the notion of semi-copula for functions S : [0, 1] n → [0, 1]. Several notions and different terminology, strictly related to the above definitions, have been considered in the literature, in the frame of other contexts. In particular, as pointed out e.g. in [8] , the term t-seminorm was already used in [15] for an equivalent notion. The ageing functions B, introduced in our specific context, are permutation-invariant, but not necessarily associative; when B is also associative then it is a triangular norm or, briefly, a t-norm (see e.g. [1] and references therein).
For further aspects of the concept of semi-copula and of transformations that will be considered in this paper see also [2, 6] , and references cited therein.
In the present note we restrict attention to the class M of exchangeable survival models whose marginal survival functions are strictly decreasing, continuous and strictly positive all over [0, ∞) and whose ageing functions are actually copulas; our aim is to introduce and to analyze a notion of duality for pairs of models belonging to M. Such a concept of duality can reveal useful, in particular, to the purpose of analyzing further the similarities, differences and relations between the two concepts of ageing function and survival copula. Furthermore it may be applied to analyze properties of models with a fixed ageing function B, employing results concerning survival copulas and vice versa.
The contents of this note are as follows. In Section 2 we introduce the definition of duality and provide a few basic properties and examples. In Section 3 we show that pairs of dual models are obtained from models with standard exponential marginal; to this purpose we briefly discuss two basic types of transformations of a same survival model. Section 4 will be finally devoted to a brief discussion concerning pairs of bivariate dual models specifically related to the concept of Kendall distributions.
Definition of duality and related properties
For a given multivariate survival model F , denote by C F , G F and B F the corresponding survival copula, univariate marginal survival function and ageing function, respectively. Before continuing we recall that, taking into account Eqs. (1) and (2), one easily obtains the following relations between C F and B F :
F. Spizzichino / Fuzzy Sets and Systems ( ) -3
Remark 2.1. In view of the developments in the next section, survival models F with standard exponential marginals have special interest in our discussion. A basic remark is that G F (x) = exp{−x} implies
Let now M ∈ M be a survival model with ageing function B M and let : [0, ∞) → [0, ∞) be the strictly increasing function defined by
The following proposition shows elementary properties of the notion of duality. The proof is immediate and will be omitted.
Proposition 2.3. For any M ∈ M, the dual M
* is a survival model belonging to M and such that
(c)
We now illustrate the given notion of duality by means of a few different examples.
Example 2.1 (Exponential marginals). From Remark 2.1 it immediately follows that
moreover, taking into account Definition 2.2, we have
More generally, it is immediate to see that any model M with exponential marginals belongs to M and its dual has exponential marginals as well. More precisely, if (x) = x, i.e. if
Example 2.2 (Degenerate models).
We consider here a model M defined by the conditions
In this case we immediately obtain
Then, for continuous, strictly positive, and strictly decreasing G, M ∈ M; furthermore, the dual model M * is degenerate as well.
Example 2.3 (Marshall-Olkin models).
We consider the case with n = 2 and, for , > 0,
Here we have
and, for 0 < = + < 1,
We say that M is a Marshall-Olkin model with parameters , . The dual model M * is Marshall-Olkin as well, and its
Example 2.4 (Archimedean copulas).
Remaining again in the case n = 2 we consider, for strictly decreasing, convex, continuous functions W : [0, ∞) → (0, 1], models with survival copula of the form
This means
where R : [0, +∞) → [0, +∞) is the increasing function defined by
G M (x) = W (R(x)).
If C M has the form (9), i.e. it is Archimedean, then also B M is Archimedean; more exactly we obtain
M ∈ M if and only if −1 (z) is convex. In such a case M * admits then an Archimedean survival copula as well and we can write
Example 2.5 ("Schur-constant" and independence models).
We consider here the special "Schur-constant" Archimedean cases with strictly decreasing, convex, continuous marginal G M and such that
(see e.g. [5] and several references therein for the reliability meaning of this condition). B M coincides then with the product copula and the dual model is one of stochastic independence. On the other hand, for
we have that M ∈ M if and only if exp{− −1 (x)} is convex and, in such a case, the dual model is Schur-constant.
Remark 2.4.
One reason for interest in the present notion of duality resides in the equality (7). The latter can allow us to convert several existing results about survival copulas of multivariate survival models into results for the "ageing functions" B. 
Transformations and pairs of duals models
From Eqs. (10) and (11) we immediately obtain that the marginals of L and N are, respectively, given by
Furthermore we notice that L and N are such that
It is well-known that, being strictly increasing, the first identity is a consequence of the position (11); it is furthermore immediate to check the second identity under the condition that the function in (10) is strictly increasing. We can then interpret (10) and (11), respectively, as two different ways to transform a given model F into other models with different marginals; the function B is invariant under the transformation in (10) , while the function C is invariant under the transformation in (11) . Concerning C L and B N , respectively, we have instead
where we set, for 0 z 1,
We now consider the case when G F (x) = exp{−x}, so that the identity (5) holds and the formulas in (12) , respectively, become
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If, for given (·), we fix
we obtain
In view of Eqs. (13) and (14), it is immediate to see that the corresponding models L and N give rise to a pair of dual models; more exactly, besides being
In conclusion, we obtained a pair of dual survival models, namely (L, N), by starting from the model F , which admits standard exponential marginals. As the following Proposition 3.1 shows, on the other hand, any pair of dual survival models can be obtained by means of the procedure described just above, starting from a corresponding model with standard exponential marginals. For a given increasing function and a given copula C, let (L, N) be the pair of dual survival models determined by the positions
Proof. Our result will be proven by showing that the following two pairs of identities hold:
These identities are, respectively, obtained as follows:
There is, however, a "dual" way to obtain the same pair (L, N) starting from an alternative model with exponential marginals.
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we can consider
By following the same line of proof as above, we can easily obtain Proposition 3.2. We can write
Dual models and Kendall distributions
Here we consider the case n = 2 and start our discussion by briefly reminding the concept of Kendall distribution, associated to a bivariate copula C.
Let (X, Y ) be a pair of random variables with a joint distribution function F (x, y) and define the Bivariate Integral Probability Transform (Bipit) of (X, Y ) as the [0, 1]-valued random variable Z, where
The Kendall distribution K is (the restriction to [0, 1] of) the distribution function of Z:
In the degenerate case P {X = Y } = 1, with continuous marginal, we see that K(u) = u. More generally, the following inequality holds:
K does not depend on the univariate marginal distributions of X, Y , it only depends on their connecting copula: for a given bivariate copula C, all the joint distributions F of the form
F (x, y) = C(F X (x), F Y (y)),
share the same K. For any distribution function on [0, 1], satisfying the condition (15), there is a class of different copulas admitting K as their Kendall distribution. Further details about Kendall distributions and associated classes of copulas are found in [10, 14] , and references indicated therein. For the Kendall distribution K C associated to a bivariate copula C, let
and consider pairs of copulas C and C * related via the relation 
